We investigate the spin-dependent (naive) T-odd fragmentation function D ⊥ 1T , which can provide an explanation on the transverse polarization of the Λ 0 hyperon produced in an unpolarized process. We calculate D ⊥ 1T for light flavors in the spectator diquark model, with a Gaussian form factor at the hyperon-quark-diquark vertex. We include in the calculation both the scalar diquark and axial-vector diquark spectators. We determine the values of the model parameters by fitting the unpolarized fragmentation function D . We also estimate the transverse polarizations of Λ production, in both semi-inclusive deep inelastic scattering and single inclusive e + e − annihilation.
I. INTRODUCTION
The production of a polarized Λ hyperon from unpolarized pp collisions has been observed [1, 2] . This has become a long-standing challenge in high energy physics, since it contradicts the traditional theoretical expectation that single spin asymmetries in high energy scattering are forbidden at the partonic level and that the averaged polarization of the Λ hyperon should be zero [3] . The production of the transversely polarized Λ hyperon can therefore serve not only as a useful tool to study its spin structure [4] , but also can provide further information on the non-perturbative hadronization mechanism [5] [6] [7] [8] [9] . Generally, the measurement of the Λ polarization is quite difficult since its spin distribution is not directly accessible. The self-analyzing properties of Λ and a large angular distribution of the decay products (proton or pion) in the Λ rest-frame [10] afford a way to extract the polarization information of the Λ hyperon.
While in the past a lot of experimental data and theoretical analyses provided us with information about the fragmentation functions for pion and kaon mesons, our knowledge of the Λ fragmentation functions, particularly its polarized fragmentation function, is more limited. This is so, in spite of the fact that the polarizations of the Λ hyperon observed in pp → Λ X and pp → Λ ↑ (jet) jet X reactions [11] [12] [13] [14] [15] [16] have attracted theoretical studies and phenomenological analyses aiming at understanding the fragmentation mechanism behind the Λ polarization [17] [18] [19] [20] [21] [22] . A class of the so-called time-reversal-odd (T-odd) fragmentation functions has been the main focus of these efforts. In particular, a leading-twist polarized fragmentation function, analogous to the Sivers function f ⊥ 1T , denoted by D ⊥ 1T , has been introduced in Refs. [18, 23] . As a transverse momentum dependent (TMD) fragmentation function, D ⊥ 1T describes the fragmentation of an unpolarized quark to a transversely polarized hadron; and it may play an important role in the spontaneous polarization, such as in: q → Λ ↑ X [24] . Thus, a non-vanishing D
⊥Λ/q 1T
could help to illustrate the spin structure of the Λ hyperon. However, the single inclusive e + e − annihilation (SIA) experiment performed by OPAL at LEP has not observed a significant signal on the transverse polarization of the Λ hyperon [25] . As an alternative to SIA, the processes e + e − → Λ ↑ + h + X and the semi-inclusive deep inelastic scattering (SIDIS) ℓ p → ℓ ′ + Λ ↑ + X have been suggested [26, 27] to study the Λ polarization, where D ⊥ 1T contribute to the cross section as well as to spin asymmetries. One important result that validates these approaches is that the universality of fragmentation functions has been tested for different processes in Refs. [8, [28] [29] [30] [31] [32] . The single-inclusive e + e − annihilation (SIA) [33, 34] is similar to both the pp collision and the SIDIS, and can play a similarly fundamental role in the measurement of the polarized Λ production [35] [36] [37] . Recently, the Belle Collaboration presented the first observation of a nonzero transverse polarization of Λ production in the inclusive process e + e − → Λ(Λ) + X and Since the experimental information on D ⊥ 1T of the Λ hyperon still remains unknown, model calculations will provide an approach to acquire knowledge of this quantity. In this work we will calculate D ⊥ 1T of the Λ hyperon for light flavors using a spectator model [39, 40] , and study its contribution to the transverse polarization of the Λ hyperon in SIDIS and SIA. The spectator model has been applied to calculate the Collins fragmentation function of pion and kaon mesons [41] , as well as the twist-3 collinear fragmentation function of pion meson [26, 42] . In these cases the spectator system has been taken to be a quark. The T-even fragmentation functions of the Λ hyperon have also been calculated by the spectator model, in which case the spectator system is a diquark. In our calculation, we will consider both the scalar diquark and the vector diquark, in order to obtain the flavor content of Λ fragmentation functions.
The remaining content of this paper is organized as follows. In Sec. II we calculate the unpolarized fragmentation function D 
where ∆(z, k T ; S Λ ) is the TMD quark-quark correlation function [44, 45] ∆(z,
The Wilson line U is used to ensure gauge invariance of the operator [46] , and a detailed discussion on the structure of the Wilson line has been given in Ref. [41] . The lowest-order diagram depicting the fragmentation of a quark into a Λ hyperon in the spectator model is shown in Fig. 1 , where the final state |P Λ , S Λ ; X describes the outgoing Λ hyperon and the intermediate unobserved states. In this paper we perform the calculation in a diquark model [39, 40] , which includes both the spin 0 (scalar diquark) and spin 1 (axial-vector diquark) spectator systems [44, 47] . The quark fragmenting (taking u quark as an example) can be modeled as u → Λ(uds) + D(ds), where D denotes a diquark.
The matrix element which appears in the r.h.s. of Eq. (2) has the following form
Here Υ D (D = s or v) is the hyperon-quark-diquark vertex, and ε µ is the polarization vector of the spin-1 axial-vector diquark. In our work, the vertex structure is chosen as follows [40] Υ s = 1g s ,
where g D (D = s or v) is the suitable coupling for the hyperon-quark-diquark vertex. For simplicity in this work we assume that g s and g v are the same: g s = g v = g D . Thus, the expression of the correlator in Fig. 1 can be written as
with
and (1) and (5):
where
In Eq. (7),
from the scalar diquark and the axialvector diquark components, respectively, and the final results that we get for them turn out to be the same. In order to obtain D
, we have used a summation for all polarizations states of the axial-vector diquark:
Assuming an SU(6) spin-flavor symmetry, the fragmentation functions of the Λ hyperon for light flavors satisfy the following relations between the different quark flavors and diquark types [48] [49] [50] 
where u, d and s denote the up, down and strange quarks, respectively. In this study we assume that the relation (9) holds for all fragmentation functions. Neglecting the mass differences between the up, down and strange quarks, the relation in Eq. (9) and the result in Eq. (7) imply that the light quarks fragment equally to Λ for the unpolarized fragmentation function
This result is consistent with the DSV parametrization of D Λ 1 for light flavors presented in Ref. [10] , in which the e + e − → Λ X data were applied to perform the corresponding fit. One can perform the integration over the transverse momentum of the produced hadron P T = −zk T w.r.t. the quark direction, to obtain the integrated unpolarized fragmentation function D Λ 1 (z):
which is divergent from large values of k T , when a point-like hyperon-quark-diquark coupling is considered. In Refs. [41, 51, 52] , two different approaches to regularize this divergence are presented. One of them is to set an upper limit for k T , while the other is to choose a k 2 dependent Gaussian form factor for the hyperon-quark-diquark coupling: where Λ 2 has the general form
In this work we choose a Gaussian form factor, since with this choice the unpolarized fragmentation function can be reproduced reasonably well. Due to the relation between k 2 and k 2 T , presented in Eq. (6), the divergence arising from the large k T region can be effectively cut off. Thus, the analytic result for D
where the incomplete gamma function has the form
The parameters of the model are λ, α, β, together with the masses of the spectator diquark m D and the parent quark m q . In order to get numerical result we choose the constituent quark mass as m q = 0.36 GeV for up, down and strange quarks, and the Λ hyperon mass as 1.116 GeV. For the values of the other parameters, we fit our model result to the leading order (LO) DSV parametrization for D given in Ref. [10] is for the fragmentation of quarks to Λ 0 +Λ 0 . On the other hand, in the diquark model one can only calculate the valence quark contribution (favored) to the Λ hyperon, such as u → Λ 0 orū →Λ 0 ; while the sea quark contribution (unfavored, e.g.,u →Λ 0 ) is zero. In order to mimic the unfavored fragmentation function we assume that it is proportional to the favored fragmentation function, and therefore the unfavored fragmentation function can be also included in the model by adjusting the coupling g D .
The values of the parameters α, β are fixed in the fit. The fitted results are
In the left panel of Fig. 2 , we plot our model calculation of the unpolarized fragmentation function D q→Λ 1 (z) (solid line), using the parameters presented in Eq. (15) . The parametrization of the DSV [10] is also shown for comparison (dashed line).
Using the values of the parameters fitted from D Λ 1 (z), we also calculate the light flavor fragmentation functions for the longitudinally polarized Λ hyperon, denoted by G Λ 1 (z), as a cross check of our calculation. The polarized TMD fragmentation function G 1L can be obtained from the following trace:
where the spin vector of the Λ hyperon is decomposed as
Applying Eqs. (5), (16) and (17), we arrive at the following expression for G
With the relation between different quark flavors and diquark types for the polarized fragmentation functions given in Eq. (9), we obtain the light flavor fragmentation function G Λ 1L as follows
We find that although both the scalar diquark and axial-vector diquark components contribute to G Λ 1L , they cancel exactly and yield vanishing polarized fragmentation functions for the up and down quarks. The strange quark fragmentation function G s→Λ 1L survives and it only receives contribution from the scalar diquark. This result is consistent with the scenario 1 parametrization for the polarized fragmentation function G 1 (z) in Ref. [10] , where only the strange quark contribution to polarized Λ production is considered.
The integrated fragmentation function G Λ 1 (z) is defined as
Here we take the same choice for the form factor as in the calculation of D Λ 1 , which leads to the following result
In the right panel of Fig. 2 , we plot our numerical result for G s→Λ 1
(z) vs z (solid line) and compare it with the parametrization for G Λ 1 (z) within scenario 1 (dashed line) in Ref. [10] . We find that it qualitatively agrees with the DSV parametrization, although at the regime z ≥ 0.3 the size of the model result is smaller than that of the parametrization, which might be explained by the fact that in the experiment part of the measured polarized Λ is produced from the decay of heavier hyperons.
III. MODEL CALCULATION OF THE T-ODD FRAGMENTATION FUNCTION D ⊥ 1T
In this section, we calculate the T-odd TMD fragmentation function D ⊥ 1T , which describes the number density of a transversely polarized Λ hyperon fragmented from an unpolarized quark [9, 53] 
wherek is the unit vector along the fragmenting quark, and ∆D Λ ↑ /q is an alternative notation for D ⊥ 1T defined in Ref. [9] , which is related to D
Notice the appearance of the vectorial triple product, which indicates a (naive) T-odd expression, since it has two momenta and one spin vectors. Following Ref. [18] , D ⊥ 1T can be obtained from the following trace: As is well-known, the tree-level calculation cannot provide a contribution to T-odd fragmentation functions, because of the lack of final or initial state interactions to produce imaginary phases in the scattering amplitude [54, 55] . The necessary nonzero contribution comes from loop corrections. At one loop level, there are four diagrams that can generate imaginary phases, as shown in Fig. 3 . In Figs. 3(b)and 3(d) , the notation Γ is used to depict the gluondiquark vertex, and we apply the following rules for the vertex between the gluon and the scalar diquark (Γ s ) and the axial vector diquark (Γ v ):
Here, T a is the Gell-Mann matrix, and g is the coupling constant of QCD. Since the Λ hyperon is colorless, it is expected that the spectator diquark should have the same color as that of the parent quark. The Feynman rules for the eikonal line and vertex with gluon can be found in Refs. [41, 46, 56] .
Performing the integration over the loop momentum l, using the Cutkosky cutting rules, we first give the expression for D ⊥ 1T , coming from the scalar diquark component (27) where the four terms in the brackets correspond to the contributions from the four diagrams (plus their hermitian conjugates) in Fig. 3 , respectively, and they read
Here A, B, C and D are functions of k 2 , m q , m D and M Λ ,
The functions I i in the above equations are defined as
. Note that when calculating the diagrams in Fig. 3b and 3d , we chose that the form factor g D depend only on the initial quark momentum k instead of the loop momentum l. This simplifies the integration over l, since the main effect of the form factor is to introduce to cut off to the high k T region. The same choice has also been used in Refs. [41, 42] , Similarly, using the gluon vertex given in Eq. (26), we can also calculate the expression for D ⊥ 1T from the axial vector diquark component
where the four terms in the r.h.s. of Eq. (35) are given by:
As in Eq. (9), the same relations should also hold for the fragmentation function D ⊥ 1T : 
As a leading-twist fragmentation function, the T-odd fragmentation function D ⊥ 1T should obey the following positivity bound [57] , which is an important theoretical constraint:
Integration over k 2 T gives an approximate expression for the positivity bound in terms of D
Using the parameters presented in Eq. (15) for the up and down quarks does not always satisfy the positivity bound, i.e, at the large z region (z > 0.75) the bound is violated. We note that similar violations of the positivity bound were also observed in Refs. [58, 59] . An explanation was given in Ref. [60] , stating that the violation may arise from the fact that T-odd TMD distributions or fragmentation functions are evaluated to O(α s ), while in model calculations T-even TMD functions are usually truncated at the lowest order.
In the following, we apply the model result for D ⊥ 1T of the Λ hyperon to predict the transverse Λ polarization P Λ T in SIDIS and SIA, which is a direct experimental observable. Usually P Λ T in high energy processes is defined as If only the transverse momentum of the fragmenting quark is considered, one can give a simplified expression for
where f q/p (x) is the usual unpolarized distribution function, and dσ ℓ q /dy is the lowest order partonic cross section. Similarly, the transverse polarization P Λ T in SIA can be written as
Using the SU (3) f symmetric unpolarized Λ fragmentation functions, i.e., D
, and ignoring the sea quarks fq /p and strange quark f s/p contributions to SIDIS, we give an approximate result for P Λ T in SIDIS:
Similarly, P Λ T in SIA has the simplified form:
In Fig. 5 we plot the transverse Λ polarization P Λ T vs z, in both SIDIS (solid line) and SIA (dashed line), after averaging over the transverse momentum of the Λ hyperon. We present the result in the region z < 0.75, where D ⊥ 1T does not violate the positivity bound. The numerical results show that the transverse polarization of Λ is negative in both SIDIS and SIA, and in both cases the size of P Λ T increases with increasing z. In the large z region, P Λ T is substantial. Our results are consistent with the phenomenological analysis presented in Ref. [9] and with the calculation of Ref. [8] . Furthermore, the shape of P Λ T in SIA is very similar to that in SIDIS. This is a consequence of the up and down quark dominance for D ⊥ 1T in our model. The difference between P Λ T in SIA and SIDIS is given by D Λ ↑ /s , as can be seen from Eqs. (47) and (48) . Thus this difference may provide a test for the strange quark contribution to P Λ T .
IV. DISCUSSION AND CONCLUSION
In this work, we studied the T-odd transversely polarized fragmentation function D ⊥ 1T for the process q → Λ ↑ + X. We performed the calculation in the diquark spectator model, and we used the relation between the quark flavors and diquark types for fragmentation functions, motivated by the SU(6) symmetric wavefunctions of the Λ hyperon. We obtained the values of the model parameters, by fitting the resulting D , we estimated the transverse polarization P Λ T in both SIDIS and SIA, and found that in these two processes the polarizations are negative and substantial in the large z region.
Finally, some comments about our calculation are in order. Firstly, in our model the flavor dependence of the fragmentation functions was obtained based on the assumption of SU(6) symmetry of the octet baryons; secondly, in the calculation of P Λ T , we only considered the leading-order result, and we assumed the same evolution for D ⊥ 1T and D 1 . We note that SU(6) symmetry breaking, higher order corrections and evolution effects for D ⊥ 1T may alter the results only quantitatively, but we fully expect that they will not change qualitatively.
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